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The internal conversion electron correlation parameters are calculated for the general K-shell (mixed)
multipole conversion. Phase conventions are critically examined, and the sign of the mixed electric-magnetic
conversion proposed by Church, Weneser, and Schwarzschild is verified. Phase conventions in the literature
for the Dirac-Coulomb continuum wave functions are shown to be ambiguous, and a suitable standard con-

vention is proposed.

I. INTRODUCTION AND SUMMARY

HE usefulness of internal conversion angular cor-
relations as a technique for nuclear spectroscopy
was pointed out in 1949 by Gardner, and by Fierz, and
further developed by many others. This work was
surveyed, and extended to E(L+1)— M L mixed multi-
poles, in the review paper of Biedenharn and Rose.!
The experiments envisaged in these calculations were
difficult, and the possibility of observing the more com-
plicated correlations seemed experimentally remote.
Subsequent theoretical efforts were in consequence con-
centrated largely on the importance of electron penetra-
tion effects for internal conversion.?*

This situation has changed markedly in the last few
years with the development of high resolution conver-
sion spectrometers and solid-state counter techniques.
This increased experimental interest has led to a corre-
sponding interest in the details of the theoretical calcu-
lations, including the mixed conversion correlations
whose treatment was but briefly given in Ref. 1. The
situation became rather more acute with the investiga-
tion of Church, Schwarzschild, and Weneser® into the
sign of the mixed (electric-magnetic) conversion correla-
tion parameters.

The calculation of the mixed multipole correlation
parameters is complicated at best, and for sign determi-
nations the tensor parameter method (because of the
use of implicit phase conventions) is not the optimal
technique. In the present paper an ab initio calculation
(an extension of the Green function method used earlier

* Supported in part by the U. S. Army Research Office, Durham,
North Carolina, the National Science Foundation, and the Atomic
Energy Commission.
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for pure multipoles®) is employed to calculate in detail
the general (K shell) mixed multipole results [ Eqgs. (25),
(31), and (36)]. Results of this generality do not seem
to have been previously given in the literature.

The results obtained are specialized to E(L+1)—ML
mixtures and critically compared to previous calcula-
tions. The sign found by Church, Schwarzschild, and
Weneser® is verified, and the corresponding result of
Biedenharn and Rose! is found to be in error.

As discussed in the concluding section, a major source
of confusion in the internal conversion calculations stems
from an ambiguity in the definition of the continuum
relativistic Coulomb functions in the literature. Suitable
standard conventions are presented in the detailed
summary of the Dirac-Coulomb functions given in
Sec. IV.

II. CONVERSION ELECTRON PARTICLE
PARAMETERS

We shall present here a brief but complete ab initio
calculation of the particle parameters in internal con-
version. In order that the results be as concise as possible
we shall consider explicitly the (converted) gamma-ray
emission, and define particle parameters directly with
respect to this gamma-ray angular distribution. The
necessity for such a procedure results from the fact that
any definition of the particle parameters in terms of
some shorter formalism—for example, by using the tech-
nique of tensor parameters (e.g., BR p. 735{f)—is not
an ab initio calculation since such a formalism introduces
various phase conventions implicitly, and this is to be
avoided in a critical discussion. To be helpful, and
explicit, references to equivalent steps in earlier calcu-
lations will be cited.

In order that the phase assumptions be minimal we
shall present a technique whereby @/l phases are defined
relative to the plane-wave vesult. The sole phase con-
vention to be assumed is that of Condon-Shortley for

¢ M. E. Rose, L. C. Biedenharn, and G. B. Arfken, Phys. Rev.
85, 5 (1952). Hereinafter referred to as RBA.
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ELECTRON CORRELATION PARAMETERS B9

the ¥;"(d¢) and for the Wigner coefficients. The method
of Green’s functions will be used, and all Green’s func-
tions will be based on the (outgoing) free wave Green’s
function,

Go=e*B/4TR, R=|1—r,|, (1)

which has the familiar expansion,

Go=1k ; Rilrs) Ji(kr ) Y (P) Vi (7,) . (2)

Taking the limit of |r2|—, one derives from this the
Bauer formula, (B=—#,)

eik«:; [4m (20 1) J2(Y ™(7)) Dum o' (B) ju(kr) . (3)

One further convention (“Convention 77°) is used.
This is the convention introduced in BR p. 736 that all
angular basis functions will be phased such that under
time-reversal one finds: T'| jm)=(—)#"™| j—m). (Here
T is the time reversal operator T'=—ic,K, for spin %,
T= K, for integer spin where K (= complex conjugation.)
{The choice (—)#™ [rather than (—)#™ which is
equally allowed] necessitates the choice that —ie, be
used, in order that the basis functions |%, &%) be chosen

st |53 ( ) and |3, --%)=((1)>} This convention

has the advantage that almost all phases drop out of
the formulas.

Gamma-Ray Emission

The emission of gamma rays in the nuclear transition
J:M;— J;M; is described by the vector potential (we
use the radiation gauge 4,=0) obtained frominteraction
of the (dyadic) Green’s functions with the nuclear
currents (=jn).

The required Green’s function is immediate:

Go=1G,=Gx 2 |1,m){1,m| , 4)

where |1,m) are the basis vectors for spin 1 (“spherical
vector basis”), phased in convention 7. Using Eq. (2)
and the definition [BR Egs. (53) and (105)]:

QJLMEZ CLM mlmJ(iLyLM_m(ﬂ‘P))l 1)m> bl (5)

one finds that:
G, =ik J%u hi(kr<) jollrs)Y s (7) @ s (72))F. (6)

We rearrange this latter sum (in a manner formally
equivalent to a rotation) to define the magnetic (m),
electric (¢), and longitudinal () vector multipole
functions:

ApnM= fL(kf)QLLM ; (7a)
AL =[(L+1)/QLA1)T"2f1(kr)Y1, 1M
- [L/ 2L+ 1)]1/2f r1(kr)Dr.241, (7b)

A= [L/(2L+ 1)]1/2fL—1(k”)§DL,L—1M
FLLA+D/ QL) T2 fr1(kr)D r, 1a ™

where the fr(kr) are spherical Bessel functions.
Finally then:

G.=ik X ArM(out,>)(Ar.M(st,<))". (8)

LM7r=m,e,l

(7¢)

(Note that the Hermitian conjugate must now be applied
to the standing wave solution, since the outgoing radial
function is not real.)

The gamma emission is then described, outside
sources, by the vector potential:

Aemitted =1k Z AL,,M(out)
LM

XTI My jn-AL2(st) | T:ML) . (9)

The angular distribution is obtained from:
eikr
(@) ALreem (out)~< > > [(2L+1)/8x]v2

X(=P)*™Dpy"(®1)[1,P), (10)
(b) Aemitted"’ Z

eikr
(S-1.m)
LM,P \ikr

X[(2L+1)/8x 2D p, s *(®~1)(— P)= ™
XMyl jn AL (st) | Ty, (11)

where
o(m)=1, m=m
=0, w=e
as in BR p. 751.
The observation of a gamma ray, along the direction

k (Euler angles ® with respect to the reference axes)
is thus given by the probability:

Wo(9) Z | & (2LA-1)"2Dp 3 ™(®1)(—P)e™

LrM
M,r M

XTI M| Ar2H [ T |2, (12)

where we have summed over both P = =1 and over the
initial and final nuclear magnetic quantum numbers
(MM ;) to obtain an unpolarized measurement.

Conversion Electron Emission

The paradigm above shows that one requires both
Green’s function® and the plane-wave result (which are
not independent) for the electron waves in the presence
of the nuclear Coulomb field. [We adopt the convenient
artifice that the ‘plane’ wave for a Coulomb field exists,
by including Inpr terms (where required) in the deﬁm-
tion of pr.] In order to make the essentials of the
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angular correlation argument as clear as possible we
shall, however, relegate the necessary discussion of the
electron wave functions to a subsequent section
(Sec. IV). As will be shown there, the Coulomb ‘plane’
wave for an electron having helicity r(==£3) and
asymptotic direction  is given by:

[p,7)=2n[p(E+1) ]
XX k|2l =S () 7 Dr,»(B) [st; k), (13)

where the ‘standing wave’ central field solutions are

S(x)fx(pr)é—x“> , (—zﬁ(pr)x_w
st; ku)= =4l ) (14)
s ) ( ante )\ g(nxe )

using both the Pauli central field spinors x.* and the
central field spinors ®,* of convention 7. The f., g« are
the radial functions of Refs. 3 and 4. {Equation (13) is
just BR Eq. (84), except that the phase 7! in BR
Eqs. (84) [as well as in Egs. (82), (85), (87), (88)]
should be replaced by +¢®. For » even Egs. (85), (87),
(88) are, however, nonetheless correct.} Using outgoing
radial solutions for f, g one defines the solutions
|out; ku).

The desired Green’s function [RBA Egs. (17), (18)]is

gz(_”DZIOUt: >;K/~‘><St’ <;KV'[ . (15)

The wave function for the emitted electron is then
found to be

lpemittedE/gSCix:tl Kilh'>d'v ) (16)

with JCins being the interaction, i.e.,
JcintEjel'Goo'jN
= > Ja-ApM(out, >)jn-Ar.M(st, <). (17)

LMr=e,m

It follows that:
Yemitted < 2, |OUL; ki) (k| Jore Az (out) | kius)
Kp
LM~

X(ffoliN'AerMT(St) ,]iM'i> . (18)

(This assumes no electron penetration, ie., a point
nucleus.) Using next the asymptotic form of the solution
|out; ku) one finds:

ip

— ) 2 Llx|/4n ]

1pr/ r=+3}

Xt =Sk 1D, W (R)D-,

|out; K#)N(
(19)
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where

D,=(—p/(E+1)] =}

0

1

L 0

[0
= p/(E+1)| r=—3.

0

1

L

The observation of an electron with helicity 7 moving
outward in the direction p (Euler angles R with respect
to axes) has the probability:

Wo.e(6)
Z | X C=S@I D, AR e k| 12)

Thi K
MMy LMnr=em
X (k| jor- AzaM(out) | xas)
X(]fo[jN'AL,MT(St) ]],M,)[z (20)

[The observation of an unpolarized electron corresponds
to the sum over = given above; in addition the K-shell
magnetic quantum number (u;) and the nuclear mag-
netic quantum numbers (M ;M) are averaged.]

The Particle Parameters

Since the emission process has precisely the same form
in the two distributions given above a direct comparison
is possible between the two processes and the particle
parameters are accordingly defined in a self-consistent
ab initio fashion. Let us carry this out now in detail.

The first step is to carry out the average over P
in the gamma-ray distribution. [This uses Wigner’s
result for DXD, and also the convention (Dnn*)*
= (_ )™ "D »—mk-]

One subsidiary result is needed:

Z(_P)v(r)+v(1r’)CP_PLL’k= 2(_)L+L'C1__1LL’k
P

+1 k=even,
—1 k=odd,

parity(Lx) = parity(L'r’)
. ) (21)
opposite parity.

For parity conserved and no circular polarization
measurements, £=even only.
One then finds the familiar form:

W)« ¥ [QL+DEL+D]
S s

X(_)L'+q+lcl _lLL’kDO)qk«le)
X)) MCup —np 8T Mg | oy - AL | T M )
XM yljn-Ap T TM)*¥]. (22)
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The details are a bit more complicated for the electron
distribution.

The analogous result for the average over P is the
subsidiary result for the average over r. This result is

> [—S@IHC,_i7=2-[(2+1) (21 +1)]
X (=) =FCoo M (1 /5 3) . (23)

[This formula is BR Eq. (86), but lacks the factor of 2
on the right in that reference. ] One also needs the result
of the average over u;.

Z (_ ) H"’CMMﬂjichuz‘M’#’jiLlj’Cﬂ —p’ qjj/k
pinp’
— (_)L’+<1+1(___ ):‘e—é—k. 2 I P l 1/2

X(=)rMCop o MW (GLG'L; Gik) . (24)

Finally one needs the definition of reduced matrix
elements:

(ku|jer- AL (out) ]Kil‘i>E (k| L7 |k)Crusara®7. (25)
Using these results one may reduce the We..(6) as

indicated in the successive steps below:

a. Original form (using only Wigner’s result for DX D and re-
duced matrix elements):

Wee.(6) > Q. LSS () IH(—)™HC,_1i'F)
kq,LMw; L'M'z" =
k' MMy

X ( Z (=) ¥ Caar 7 *C a9 C g 7$277)
pipp’
X | ki’ | 1126ABen Do b (R™Y) (k| L | ks) (k' | L'w’ | ki )*
X (T M| AneMH | JiM T s M g e AT | TiM ¥
b. Substituting for terms in parentheses:
Wee(®)x 3. ((—)E+aHDyH(R™)

kg, M:iMy
LMxw,L'M'n’"

X{(=)i4 T (=) (k) [ (2+1) (20 +1) J2Co e
Xexp[i(Ax—Ae) W U515 3R)W (GLI'L'; jik)

X (| L | ki) | L'’ | k) *JLC=) 2 M Cop —agr g™ 2%
XM s i ALaMH | TM T s My [ine Aprw M| JMGY* 1. (27)

(26)

Direct comparison of the correlation W... [Eq. (27),
above] with W, [Eq. (22)] shows that the particle
parameter by’ (for the K shell) is [the prime denotes

CLLA+DL(L+L) ]
by’ (Lw,L'm)= :
22L+1)(2L'+1)
[L(LA1)L (L' +1)]v2

B11

unnormalized (i.e., br—o71)]

b/ = (LA DL+, A5 3 (=) ()

XL(24-1) 20 +1)J2Cos ¥ *W (150 5’ 1)
XW(FLF'L'; 3%) exp(i[Ac—Av])
X{x| Lo | — 1) | L'z’ | —1)*. (28)

The principal results of this examination of the
internal conversion correlation parameters are contained
in Eq. (28) above. It should be noted that this result
has been established in a quite direct fashion and is com-
pletely defined in terms of the ‘plane-wave’ bases. The
critical point in this derivation—the electron basis,
defined by Egs. (13), (15), (19)—will be discussed in
detail in section (IV) below.

The explicit results contained in Eq. (28) are most
conveniently discussed in terms of two special cases:
(a) the Le— L’e) and (Lm— L'm) parameters, and (b) the
(Le—L'm) conversion parameters.

(a) Correlation parameters for e—e and m—m multi-
poles. For the e—e case, one has r=n"=e, and thus
k=L, —L—1 and «'=L', —L'—1. (It follows that
Wk)=L, l()=L' in the e—e case.)

For the m—m case, one has w=7"=m, and thus
k=—L, L+1 with «'=—L’, L’+1. This situation is
treated very compactly by the identity [BR Eq. (A6)]:

L1 QU+1)T2Co ¥ W (151 §'; $)
= [QL+ DL+ Col (LI 38).
Thus the coefficients are precisely the same in both

the (e—e) and (m—m) cases, and for both we have the
result:

b= (Coo™%/Cy o ER) (=) (' )LW (LGL' 55 5k) J*

(29)

Xexp(i[ Ac— A ) (k| Lw| — 1)K’ | L'z’ | —1)*. (30)

The sum over «, «’ in this result takes on a rather
simple general form when the W coefficients are intro-
duced. It is convenient now to introduce a more concise
notation in order to make the structure of the formulas
more perspicuous. Let us define:

exp(iA) (k| L | —1)={ || L} .
One finds then that

L, Loy —{L+1, La} J{L', L'r}—{L'+1, L'r} J*

4
LA D)L (L) — R+ D\ 20 +1

(HLLmy+ (LA DL, Lw}><L’{L',L'r}+(L'+ D(L'+1, L%})* -

2L'+1

The chief usefulness of this form for the 4 is to show that at the special value (which is not quite as special as
the Casimir limit): L{L,Lx}+(L+1){L+1, Lr}=0—for either multipole—tke correlation parameter b, (Lw,L'r)

becomes independent of k.
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For L=L’ the result given in Eq. (31) assumes the simpler (normalized) form:

k(k+1)
bu(Lm,Lw) =14

2L+1

|LAL L)+ (LA D{LA+, La})?

(b) The (L+1e— L'm) conversion parameter. Choosing
w=e the values of kappa are k=L+1, —L—2; 7’'=m
implies ¥'=— L', L'+ 1. [Since the y-ray matrix elements
are real, the substitution e2m in Eq. (27) shows that
only the real part of d;(L+1e; L'm) actually enters.]

The identity [BR Eq. (A7)] is tailored to handle
this case:

LC21) QU+ J2Cu M (Y s 3EW (LL'5'5 38)
=—3S(&)SK)Cra T R[(2L+3)(2L'+1) ]2

LH2\35W / [/ \15&)
()G
L+1 L'+1

It follows that:
by (L+1e,L'm)
=[2(2L+3)(2L’+ 1)1 Z,(— VI ! |

LANS® [/ \IS6)
() @)
L41 L'+1

X{ ], L+1e}{ || ,L'm}*.

(34)
Carrying out the sum over &, one finds that

b/ (L+-1e, L'm)= —[(L")(L'+1)(L)(L+1)]"
X[2Q2L4+3) 2L+ 1) T
X({L+1, L+1e} —{L+2, L+1¢})
X({L'+1, I'my—{L',L'm})*. (35)

It is a general result that the bi(Lw,L'n’) conversion
parameters for w=n' are independent of k. For the
special case of (L+1, ¢) mixing with (L,m) we get

(L+1D[L(L+2) ]
b/ (L+1e, Lm)=(—)
2(2L+1)(2L+3)
X({L+1, L+1e}—{L+2, L+1e})
X({L+1, Lm}—{L,Lm})*. (36)

Results of the generality of Egs. (28), (31), and (35)
do not appear to have been given explicitly in the
literature hitherto.

III. THE REDUCED MATRIX ELEMENTS IN TERMS
OF TABULATED INTEGRALS

All relevant phases have been determined in the pre-
ceding discussion and we can now turn to the explicit

" 2L(LA1)—k(k+1) L{L,Lr} |2+ (L+1) | {L+1, L=} 2]

(32)
2L+1

evaluation, as radial Coulomb integrals, of the reduced
matrix elements [defined by Eq. (25) above] of the
irregular electromagnetic multipoles.

Consider first the magnetic multipoles. The irregular
magnetic multipole has the operator form

ALmM(Out)EhLQLLM

=[L(L41) 1 Y2h(kr)LGLY M), (37)
and using the standard results of angular momentum
algebra, i.e.,

=SB+ | (@ Lit Y M) | D14
= (2_#| (- Li"V M) | @14)

= (47")_1/2(’(— l)cMniML%j(ax_L‘i' BKL-H) ) (38)
one finds that
(| Lm| —1)=[4x L(L+1) V2 (k—1)(— ) L+t~
X S()(Ry+R)(67L+6,4Y).  (39)

Here we have introduced the Goertzel and Rose defini-
tion of the radial integrals (Mon. P-426, 13 XI 47,
Oak Ridge, Tenn.) later computed and published.” For
the magnetic case these integrals are:

Rg’z/ 7’2d7’f,‘]1Lg._1K, (40&)
0

R4'=—/ r¥drghnfi%, (40b)
0

where %z, is the spherical Hankel function of the first
kind, and f_,%X, g+ are the K-shell radial functions:

(f _1K> — 2o Zy) 01

g
85—

i e L ORI

vo=[(1—(aZ)?)"?].

For the electric multipoles one recalls the famous
‘gauge problem’ (discussed by Kramer,? by Rose and
Green,® and by Church and Weneser*) and thus trans-
forms from the radiation gauge into the more convenient
‘least singular gauge’ for the point nucleus problem.
This transformation is an identity transformation, and
has the effect of (1) removing the term in Az involving
hri1, (2) increasing the size of the kz—; contribution

7M. E. Rose, G. H. Goertzel, B. I. Spinrad, J. Harr, and P.
Strong, Phys. Rev. 83, 79 (1951).
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so that
L+1 )1/2 2L+1\1"
—_—— -3 _—
(2L—I—1 ( L+1 )
and (3) introducing a scalar potential.
The relevant phase and normalization questions for
the reduced electric multipole matrix elements can

therefore be settled by considering only the vector
potential term in 4z_;. That is,

2L4-17v/2
ALeM(Ollt) - hL_1(k7’)|: :| @L,L~1M+ el (42)
L+1

To proceed further we must use the identity:

Do M=i"[L/(2L+1) V%
—[LQL+D) T 2L} V7. (43)

The result of these considerations is that the over-all
phase and normalization may be determined from look-
ing at that part of the electric multipole given by:

<K”' I jel' ALeM(Out) [ - l,u,> —
L{ku| prhrytt [L(LA-1) V22V LM | —1p3)
=[4x L(L+1) T V2L Carpsu¥

X[-S(K)/ r2derhL_1g_1K—/

X (0548,

0

ridrgdin_y f-—lK]

(44)
[This was obtained by using the results
S(—k){(P_#|o-#E1Y L M| — 1ps)
= (@7 1]~ 1)
= [4m TV2C ¥ (8. 54 8757) J
This result verifies the phase and normalization con-
ventions and shows that the reduced matrix element
for the electric multipole transitions is
(k| Le| —1)=[4m(L)(LA1) T V2(—) Lt
XEL(R1+R2+R3+R4)—(K+1)(R3—{—R4):|
X (848171), (45)

where the Goertzel and Rose definition of the radial
integrals has been used. This definition is explicitly

Ri=— / Pdrfnf K, (46a)
0
R,= / ridrg g%, (46b)
0
R3=/ 7’2dfthL~1g_1K, (460)
0
Ry=— / r2drghr—1f—1%. (46d)
0
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It is useful now to compare the reduced matrix ele-
ments given in Egs. (39) and (45), above, to the matrix
elements defined in Refs. 1 and 2. In these references,
the multipole potentials were not normalized to unit
flux, unlike the case above. This constitutes a re-
normalization which affects the by(Lwr,L'7") as anover-all
scale change, differing, however, for each L, L'. For the
bi normalized to by=1 there is no net effect, but such a
renormalization is well defined only for Lz=L'#".

The reduced matrix elements of these references are
[RBA Egs. (41) and (43)]

(@) QleLm)=i[4m ]7/*(k—1)(Rs'+-RY)

X (646,40, (47)
Hence,
(k| Lm|—1)= ([ L(L+1)]"2}
X(=)S()Q(kLm) . (48)
(b) Q(xLe)=i[4r ] *[L(Ri+Ra+Rs+Ry)
— (kD) (Rs+Ro) N8+, (49)
Hence,
(k| Le| —1)= {i[ L(L+1) ]2} (=) 4Q(xLe) . (50)

IV. RESUME OF RELATIVISTIC COULOMB
FUNCTIONS

The relativistic Coulomb functions to be presented
here are hardly new, and have been discussed very many
times since Darwin’s original development in 1928. The
work of Rose (Ref. 8) has furnished a standard sum-
mary since 1937. Unfortunately this used the Bethe
phase convention® for the spherical harmonics (instead
of the Condon-Shortley phase) but this is of no real con-
sequence for the radial functions. The use of the Pauli
spherical spinors (X*) with the standard (Rose) radial
functions was initiated in RBA and has been discussed
in greater detail in Ref. 10. Unfortunately, these dis-
cussions are nonetheless ambiguous—as will be clear
from Sec. V. It is, therefore, still of value to resum-
marize the relativistic Coulomb functions in a detailed
and unambiguous manner. To be more useful both the
Pauli spherical spinors (X,*) and the Pauli spherical
spinors using convention T (the ®*) will be explicitly
given.

The Dirac equation is taken in the form:

(o-p+Bmc+(E—V)/c)y=0. (51)

The wusual convention 7Z=mo=c=1 is henceforth
adopted, and the (attractive) Coulomb potential is
taken to be V=—Ze*/r=—aZ/r. In the absence of
fields, the plane wave solution for motion along the
z axis may be written as ¥,=e*??D,, where D,—

8 M. E. Rose, Phys. Rev. 51, 484 (1937).

9 H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One
and Two Electron Atoms (Academic Press Inc., New York, 1957),
see p. 344 ff.

10M. E. Rose, Relativistic Electron Theory (John Wiley & Sons,
Inc., New York, 1961), see p. 191 ff.
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defined in Eq. (19)—are the Dirac spinors for helicity
7. The D, are normalized such that: D'D=2E/(E+1).
The angular momentum eigenfunctions of (51) are

S@ e (— ifo——x")
Kp)y= =gt , (52)
e ( g(pr) B+ ) ’ gt

where the latter form (without the 4!®) corresponds
to RBA Eq. (15a).

The index « determines both the orbital angular
momentum / and the total angular momentum j by the
relations: (a) j=|k| —% (b) I=|k| +3[S(x)—1], [where
S(x) is a function denoting the sign of x]. The angle
functions ®,* are two-component spinors defined by:

P = Z Clu_,-lm-,-j(ile“—’)XUz’ , (53)

with the ‘time-reversal’ phase (convention 7") such that

Top= (=)0 *, (54)

1 0
[Note that xy.!/2= (0> and X1/2"”2—=—(1> :l From the

definition it follows that ®,* possesses the eigenvalues
J2— j(541), L*— I(I+1), J.— u. Moreover, one has
the eigenvalue equation

— (o L+-1)®p=xd*,

E—idyKo.

(55)

and the relation

i 7B =S(k)D_H. (56)

The spherical spinors x,* are related to the ®,* by:
& =14y » Hence the x* obey the same eigenvalue
equations, but differ in their behavior under time
reversal and under the operator -#. Explicitly:

Txet=S(k) (=) rx, (7)

and
(58)

For the radial functions one has, for positive energy
states, the results:

fe=—(p/m)VA(E=1)"2C(yn)(pr)* Im(4), (59%)
ge=(p/m)VHEA+1)V2C(y,m)(pr)* Re(A),  (59b)

where
A= (y+in)eie=?D 1 Fi(y+144n,2y+1,2ipr), (60a)

@ PxH = — X—i®.

v=|(2—(aZ))"?| (60b)

n=aZE/p (positive for electrons) (60c)

C(y,m)=27e}|T(y+in)| /T(2y+1) (60d)

o2iv= e+m'(w) , (60e)
v+in

with 0<e<T/2 >0

T
= <¢<0 k<0 (for electrons).
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These definitions have the consequence!! that the
asymptotic form of the radial functions (pr-—w) is
given by

Fe~[p(E=1)/7 115 jico (pr+Ad),  (61)
g~ [p(E+1)/m 1210 (pr+Ad) (62)

where the relativistic Coulomb phase shift is given by
T
A= In2pr+ <p—argl’('y—l-in)-l-a(l(x)—S(x)—’y) . (63)

In terms of the phase shift §, defined by Rose one
has [BR Eq. (94)],

Ax=a,+’-2’<z<x>——s<x». (64)

The phase shift A, is defined relative to the plane wave
result and hence A,=0 for Z=0. Thus, one finds that
8:(Z=0)=1x[S(x)—I(x)], which checks with the defini-
tion of ¢ given above.

[Note that the asymptotic form in terms of spherical
Bessel functions is formal (since the range of the Cou-
lomb potential is larger than that of the centrifugal po-
tential) but nevertheless convenient since the spherical
functions are the plane-wave basis. Note, too, that it is
customary (Breit'?) to omit the logarithmic phase
(nIn2pr) when giving the nonrelativistic Coulomb
phase shift. ]

The special case Z=0 is given by the results:

Jem= (DP(E-D/7 1210 (p1) (65a)
8= S(=0p(E+1)/m ] 1o (pr).  (65b)

The analog of a plane wave, helicity 7, incident along
the z axis in the presence of a charge Z at the origin,
is given by
[p8,7)=[m/(2pE) ]2 2 (4r || )2 [—S (k) ]1/2

Xexp(idy) [kr), (66)

where the spherical eigenfunctions |kr) are defined
above. The normalization corresponds to a plane wave,
that is,

| p8,7)~ D, exp(i* pz”’)+outgoing spherical waves,
where “pz” corresponds to the device whereby
pr— pr-+mnIn2pr in the asymptotic expressions.
V. COMPARISON TO PUBLISHED RESULTS

When the necessary substitutions are made to com-
pare with previously published special case [this re-

W Higher Transcendental Functions, edited by A. Erdely
(McGraw-Hill Book Company, Inc., New York, 1955), Vol. I.

2 G, Breit and M. H. Hull, in Handbuch der Physik, edited by
S. Fliigge (Springer-Verlag, Berlin, 1958), Vol. 41.
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quires explicitly the phase 6,(Z=0) given above] one
finds the following results:

(a) The conversion correlation coefficients by(LLe) [RBA
Eq. (46), (46a), BR Eq. (94), (95a)] are obtained precisely. The
correlation coefficients bx(LLm) given by RBA (48) and BR
(96b), (97) are also obtained precisely: [RBA Eq. (48a) (defining
Twm) is off by a minus sign; however, this is but a misprint in the
formula only.]

(b) A similar determination of the b;(LLx) [Young,® Eq. (19)]
based on the same Goertzel-Rose matrix elements, is, however,
off by a sign in the cross-term (equivalent to Te— —T,,
T — —Tm].

(c) Comparison of Eq. (36) to BR Eq. (100) shows that these
results are in complete agreement.

(d) There is, however, a missing minus sign in BR Eq. (101).
[The original manuscript contains an explicit verification of the
(correct) sign. Unfortunately, the wrong sign was transcribed into
Oak Ridge National Laboratory Report ORNL 1324—which
appeared between the manuscript and the galley proofs and thus
set the standard.]

Consequently, Church, Schwarzschild, and Weneser are entirely
correct and BR Table IV has the incorrect sign everywhere.

(e) The results of the Casimir approximation given in BR
p. 755 has an incorrect relative phase, and as a result the high-
energy limit is off by a minus sign.

In the limit of high energies the K-shell conversion
correlation approaches that for a gamma ray, assuming
no polarization measurements. Interestingly enough
this is still true for longitudinal polarization measure-
ments (on both the y-ray and the conversion electron)
in the limit of high energies. [The parallel between v’s
and high-energy conversion necessarily breaks down for
transverse polarization; the b&x(transverse) — 0 for
E—w.]

Concluding Remarks

The preceding results probably will appear quite
satisfactory since one conclusion is simply to confirm
the sign stated by Church, Schwarzschild, and Weneser.
To rest content with such a conclusion would be quite
superficial, however, since a very puzzling sign am-
biguity is still concealed in this check. This is clear
from the fact that the work of Young (Ref. 13)—
which was a critical analysis of internal conversion
correlations including polarization measurements—is in
disagreement with the previous check, and yet using
precisely the same Goertzel-Rose definitions for the

1B R, C. Young, Phys. Rev. 115, 582 (1959).
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radial integrals manages nonetheless to agree with
tabulated low-energy numerical results!

The root of this difficulty stems from the fact that the
definition of the phase ¢ [Eq. (60e) above]is ambiguous
in Ref. 3 and Ref. 4, Eq. (5) p. 192, since the proper
quadrant for ¢ is not specified and not determined by
the definition given in these references. (The ambiguity
appears in all texts we have examined, but we cannot
claim a complete survey.)

The calculations and results of Young are not incorrect
(despite the disagreement noted), since they are carried
out in a self-consistent fashion with an explicitly defined
phase convention for ¢: ¢voung= @abovet3m(14+S(k)).
[The phase A, given in Ref. 12, Egs. (9), (10) seems to
be misprinted in sign, however. ]

The preceding work shows that angular correlation
calculations are optimally defined in terms of the ‘plane
wave’ results. From this point of view, the definitions
used by Young are in fact preferable, since an annoying
factor of S(—«) is eliminated from the radial wave
functions (cf. the Z— 0 limit). One has a choice of
either phase convention for the phase ¢, since the only
requirement is consistency. The choice of phase used in
RBA and in BR—explicitly given in Eq. (60e) above—
was not made clear in these references; even though it
is not the best choice, we have chosen it as the standard
here to necessitate as few changes as possible in pre-
viously published results.

Finally, it should be noted that the Goertzel-Rose
integrals themselves are not well defined until the phase
ambiguity is explicitly removed [cf. Eq. (23), Ref. 5].
The phase choice given above coincides with the phase
actually used in the numerical evaluation of these
integrals.
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